ABSTRACT. We start with a short historical overview of the developments of deformation (star) quantization on symplectic manifolds and of its relations with quantum groups. Then we brie y review the main points in the deformation-quantization approach, including the question of covariance (and related star-representations) and describe its relevance for a cohomological interpretation of renormalization in quantum eld theory. We concentrate on the newly introduced notion of closed star product, for which a trace can be de ned (by integration over the manifold) and is classi ed by cyclic (instead of Hochschild) cohomology ; this allows to de ne a character (the cohomology class of cocycle in the cyclic cohomology bicomplex). In particular we show that the star product of symbols of pseudodi erential operators on a compact Riemannian manifold is closed and that its character coincides with that given by the trace, thus is given by the Todd class, while in general not satisfying the integrality condition.
1. Introduction. 1.1. Historical background. The mathematical theory of deformations is inherent to the development of modern physics. However this fact has essentially been recognized a posteriori 1]. For example Newtonian mechanics is invariant under the 10-parameter Galilei group of transformations of space-time, while relativistic mechanics brings in its deformation, the Poincar e group, obtained by attributing a non-zero value to the inverse of the velocity of light. If in addition one gives a (non-zero) constant curvature to space-time one gets the De Sitter groups and (since they are simple) the buck stops there -as far as Lie groups are concerned. Considering the Lie bialgebra structure permits, as we shall see below, to get "quantum groups" by deforming the coproduct -but then the "transformation group" point of view is lost, or at least needs to be seriously revised (which wasn't done yet). Had the theory of deformations of Lie groups been developed a century ago, one could have already then found mathematically relativistic theories, before any experimental fact.
Quantum mechanics can in a similar way be considered as a deformation of classical mechanics. However this fact was made explicit and rigorous only 15 years ago 2], while again it might have been developed mathematically a century ago (had the mathematical tools been developed then). In 1927, H. Weyl 3] gave an integral formula (a Fourier transform with operatorial kernel) for a passage from classical to quantum observables, and E. Wigner gave in 1931 an inverse formula 4] . At the end of the 40's, Moyal and Groenewold 5] used the latter to write the symbols of a bracket and a product (respectively) of quantum observables, in a form from where the structure of deformation could have been read o , had the theory of deformation of algebras been developed and had they looked for its physical interpretation (instead of trying to interpret somehow the symbols as probability densities, which cannot be done). Many other works followed along similar lines including some that relied implicitely on the idea of deformation (e.g. the so-called semi-classical approximations), but none "hit the nail on the head" until the mid 70's.
Around 1970, coming from the representation theory of Lie groups, a theory called "geometric quantization" became quite popular 6]. The idea is to do for more general Lie groups (than the Heisenberg groups) and more general symplectic manifolds (than the at ones) what the Weyl transform does, map functions on the symplectic manifold to operators on a Hilbert space of functions on "half" of the variables. While very interesting for representation theory, this approach proved not very e ective physically; in particular polarizations (which in many cases could be found only in the complex domain) had to be introduced to get "half" of the variables, and relatively few classical observables could be thus quantized.
1.2. Star-products and quantum groups. Our approach 2], sometimes called "deformation quantization", was di erent -though starting from similar premises. We did not look for polarizations or operators, but had the quantum theory "built in" the algebra of classical observables by deforming the composition laws, product and Poisson bracket of functions, to what we called star-products and the associated commutators. We could develop in an autonomous manner, even on general symplectic manifolds, a quantum theory that can be mapped into the usual one by a Weyl mapping (when there exists one). And this has naturally lead to a parallel development of representation theory of Lie groups, without operators (cf. a partial summary in 7]). Furthermore the same approach can be developed for in nite-dimensional phase-spaces, giving rise to a star-product approach to quantum eld theories and in particular to a cohomological interpretation of cancellation of in nities 8].
Around 1980, a new mathematical notion appeared in the quantization of 2-dimensional integrable models 9], and has gained tremendous popularity after Drinfeld 10] coined the (somewhat misleading but very e ective) term "quantum group" to qualify it. The basic point is that, on a Lie group with a compatible Poisson structure, the functions have a natural Hopf algebra structure that can be deformed by replacing the usual product by a star-product; in the dual approach of Jimbo 11] one deforms the coproduct on a completion of the enveloping algebra of the Lie algebra (which has a bialgebra structure) and gets in particular the strange commutation relations obtained in 9] . A realization of these structures was given by Woronowicz 12] using the basic representations of compact Lie groups while taking coe cients in C -algebras (with some relations); this was inspired by the "non-commutative geometry" of A. Connes 13 ]. 1.3. Main new points. In this paper we shall rst brie y review the main points of the star-product theory, including the new developments of starquantization in eld theory. Then we shall develop the new notion of closed starproduct 14], for which a trace can be de ned by integration over phase-space, show its relation to cyclic cohomology and apply it to the pseudodi erential calculus on a compact Riemannian manifold : for the corresponding star-product a character can be de ned (in the cyclic cohomology) that is given by the Todd class of the manifold (via the index theorem).
Then we shall concentrate on the relations between star-products and quantum groups. In particular we shall show, by the example of sl (2) ; that "quantum groups" are neither quantum nor groups, but examples of star-products requiring another star-product in the background (with another parameter h) in order to realize the quantized universal enveloping algebras (QUEAs) as star-product algebras and that this realization is then essentially unique. Finally, we shall indicate that there exists a universal Fr echet-Hopf algebra (containing densely the QUEAs), rigid as bialgebra, the dual of which contains the original (simple compact) group as a "hidden group".
2. Star-products, star quantization and closed star-products. 2.1. The framework. a. Phase-space. The phase-space is a Poisson manifold, i.e. a manifold where a Poisson bracket can be de ned. In the case of a nite-dimensional manifold W the Poisson structure is given by a contravariant skew-symmetric 2-tensor satisfying ; ] = 0 in the sense of the supersymmetric Schouten brackets; the latter condition is equivalent 2] to the fact that the Poisson bracket : (1) P(u; v) = i( )(du^dv) ; u; v 2 C 1 (W ) = N satis es the Jacobi identity. When is everywhere non degenerate, W is a symplectic manifold, of even dimension 2l with a closed 2-form !: Poisson structures can however be de ned also for in nite-dimensional (e.g. Banach or Fr echet) manifolds, for instance on the space of initial conditions of a wave equation such as Klein-Gordon ( 15, 16] ).
b. Star-products, deformations of algebras and cohomologies. The relation between associative (resp. Lie) algebra deformations and Hochschild (resp. Chevalley) cohomology is well known 17], and can be made more precise (at each step) both for the existence question (determined by the 3-cohomology of the algebra valued in itself) and the equivalence question (classi ed by the 2-cohomology) 2]. For the associative (resp. Lie) algebra N it is consistent 2] to restrict oneself to di erentiable cohomologies and to a formal series of di erential operators for the equivalence. where the C r are bidi erential operators.
We thus get a deformation of the Lie algebra (N; P) by the "star-commuta- For quantum groups one needs to consider Hopf algebras 10] where the essential ingredients are the product and coproduct, that together de ne a bialgebra structure for which a similar theory can be developed 18, 19] . c. Example. The typical example is W = IR 2l with the Moyal star-product for which one takes the r th powers of the bidi erential operator P : (4) r!C r (u; v) = P r (u; v) = i1j1 ::: irjr (@ i1:::ir u)(@ j1:::jr v) so that the star-product and bracket can be written : (5) u v = exp( P)(u; v) (6) M(u; v) = ?1 sinh( P)(u; v) 
where ! = P l =1 dp ^dq is the usual symplectic form on IR 2l ; so that
The latter property can be seen directly since (due to the skew-symmetry of ; by integration by parts), for all r and C r de ned by (4) :
For other orderings (other weight functions w in (7)), formula (9) 
To de ne a trace on A with integration on W one is thus lead to look at the coe cient of h l in u v for u; v 2 A:
This will motivate our de nition of closed star products.
2.2. Closed star-products and cyclic cohomology. A fundamental (and non trivial) property of cyclic cohomology is :
PROPOSITION. At each level n; one has (18) HC n (A) = (kerb \ kerB) = b(kerB):
c. Classi cation of closed star-products. For r = 2; the closedness condition (10) can be written BC 2 = 0: (This condition is necessary; it is su cient if dimW = 4). If we start with a Hochschild 2-cocycle C 1 (e.g. C 1 = P), standard deformation theory 2, 14, 17] gives a 3-cocycle E 2 (determined by C 1 ) that has to be equal to bC 2 : Therefore bẼ 2 = 0 = BẼ 2 and bC 2 =Ẽ 2 2 kerb \ kerB:
From (18) we therefore get, since the same can be done 14] successively at each order of deformation, and in one degree less for the equivalence operators T :
PROPOSITION. At each order, the obstructions to the existence of closed star-products are classi ed by HC 3 (A); and the obstructions to equivalence by HC 2 
(A):
If C is a non-closed current on W (dC 6 = 0),C 2 (f 1 ; f 2 )(f 0 ) =< C; f 0 df 1d f 2 > will give BC 2 6 = 0 and therefore we get in this way a non-closed starproduct.
2.3. Existence, uniqueness and rigidity of star-products. a. THEOREM 22] . On any symplectic manifold W there exists a strongly closed star-product.
The Moyal product is closed, and can be de ned on any canonical chart of W: The problem is to "glue" together these products, and to do it in a way that preserves the integrals of functions. the obstructions to existence (classi ed byH 3 (N)) make the previous theorem highly non trivial.
However consideration of the Lie algebra (N; P) reduces the choice. We shall call 2] Vey product a star-product (2) for which the cochains C r are bidi erential operators that vanish on constants (i.e. have no constants terms), have the same parity as r (thus C 1 = P) and have the same principal part as P r in any canonical chart (a star-product satisfying all these conditions except the last one can always be brought into the Vey form by equivalence 26]).
We then get associated brackets where only odd cochains C 2r+1 appear. The relevant Chevalley cohomology spaces H p (N) are nite-dimensional. H 2 and H 3 can be explicitely computed 25], and in particular dim H 2 (N) = 1 + b 2 (W ): Explicit expressions for the cochains up to C 4 in a general Vey product can also be given ( 25, 26] ), in terms of a symplectic connection ? and some tensors (the general expressions for C 5 and above could not be written in such terms; however the existence proof of Fedosov 23] , which remained obscure until his MIT preprint of December 1992, gives a recurrence algorithm showing that a star-product can be constructed globally in terms of a symplectic connection and its covariant derivatives). In particular one has, for a Vey product 26] : The more general de nition of a star-product given here is required in particular because normal and standard orderings are star-products in this sense, equivalent to Moyal (on at space) but not Vey products (the cochains C r are not of the same parity as r). Consideration of the associated Lie algebra is however still possible, and will give information on the skew-symmetric parts of the cochains C r : The analysis developed in 2] for Vey products can however be carried over to this more general de nition.
c. Rigidity. A natural question then arises : is it the end of the story, and in particular can the Moyal-Vey product be deformed ?
The answer to the latter is : essentially no. More precisely one can show 27] that any (Vey) star-product of the form (20) u v = 1 X r;s=0 r s C rs (u; v); C rs (u; v) = (?1) r C r (u; v) can be transformed by equivalence to ; by deforming the 2-tensor with the parameter :
However if the requirement that C 1 = P is relaxed that result is no longer true. Examples can be given where an intertwinning operator will still exist, but will transform the Poisson into a Jacobi bracket (associated with a conformal symplectic structure) 28]: one writes Quantum groups are also, in a sense, deformations of the usual star-products where the covariance enveloping algebra is deformed. We shall now study more closely that notion of covariance of a star-product. c. Star representations. Let G be a Lie group (connected and simply connected), acting by symplectomorphisms on a symplectic manifold W (e.g. coadjoint orbits in the dual of the Lie algebra L of G). The elements x; y 2 L will be supposed realized by functions u x ; u y in N so that their Lie bracket x; y] L is realized by P(u x ; u y ): Let us take a G-covariant star-product ; so that P(u x ; u y ) = u x ; u y ] : We can now de ne the star exponential : and one can lift the Moyal product to the orbits in a way that is adapted to the Plancherel formula. Polarizations are not required, and "star-polarizations" can always be introduced to compare with usual theory.
ii) For semi-simple Lie groups an array of results is already available, including a complete treatment of the holomorphic discrete series 32] (that includes the case of compact Lie groups) and scattered results for speci c examples.
iii) For semi-direct products, and in particular the Poincar e and Euclidean groups, an autonomous theory has also been developed (see e.g. 33]).
Comparison with the usual results of "operatorial" theory of Lie group representations can be performed in several ways, in particular by constructing an invariant Weyl transform generalizing (7), nding "star-polarizations" that always exist, in contradistinction with the geometric quantization approach (where at best one can nd complex polarizations), study of spectra (of elements in the center of the enveloping algebra and of compact generators) in the sense of the next subsection, comparison of characters, etc. But our main insistence is that the theory of star-representations is an autonomous one that can be formulated completely within this framework, based on coadjoint orbits (and some additional ingredients when required). (7) is taken 21] with a weight w( ; ) = exp(? 1 4 ( 2 + 2 )): b. Spectrality. Physicists want to get numbers that match experimental results, e.g. for energy levels of a system. That is usually achieved by describing the spectrum of a given HamiltonianĤ supposed to be a self-adjoint operator so as to get a real spectrum and so that the evolution operator (the exponential of itĤ) is unitary (thus preserves probability). A similar spectral theory can be done here, in an autonomous manner. The most e cient way to achieve it is to consider 2] the star exponential (corresponding to the evolution operator) (28) Exp ( DEFINITION. The spectrum of (H= h) is the support S of d : In the particular case that H has discrete spectrum, the integral can be written as a sum : the distribution d is a sum of "delta functions" supported at the points of S; multiplied by the symbols of the corresponding eigenprojectors.
In di erent "orderings" given by (7) with various weight funtions w, one gets in general di erent operators for di erent classical observables H; thus di erent spectra. For W = IR 2l all those are mathematically equivalent (to Moyal under the Fourier transform T w of the weight function w of (7)). This means that every observable H will have the same spectrum under Moyal ordering as T w H under the equivalent ordering. But this does not imply "physical equivalence", i.e. the fact that H will have the same spectrum under both orderings. In fact, the opposite is true : PROPOSITION 34] . If two equivalent star-products are isospectral (give the same spectrum for a "large family" of observables and all ) they are identical.
It is worth mentioning that our de nition of spectrum permits to de ne a spectrum even for symbols of non-spectrable operators, such as the derivative on a half-line (that has di erent de ciency indices). That is one of the many advantages of our autonomous approach to quantization. (30) Exp(Xt) = It is worth noting that the term l 2 in the harmonic oscillator spectrum, obvious source of divergences in the in nite-dimensional case, disappears if the normal star-product is used instead of Moyal -which is one of the reasons it is preferred in eld theory.
ii) Path integrals are intimately connected to star exponentials. In fact, in quantum mechanics the path integral of the action is nothing but the partial Fourier transform of the star exponential (28) with respect to the momentum variables, for W = IR 2l as phase space with the Moyal star-product 35]. For compact groups the star exponential E given by (25) can be expressed in terms of unitary characters using a global coherent state formalism 36] based on the Berezin dequantization of compact group representation theory used in 32] (that gives star-products somewhat similar to normal ordering); the star exponential of any Hamiltonian on G=T (where T is a maximal torus in the compact group G) is then equal to the path integral for this Hamiltonian.
iii) For eld theory similar results hold. In particular 8] the star exponential of the Hamiltonian of the free scalar eld (for the normal star-product) is equal to a path integral. That is only part of the results obtained for eld theory 8]. It has indeed been found that other star-products "close to normal" enjoy similar properties and permit nonstandard quantizations of the Klein-Gordon equation (not necessarily leading to a free eld theory). And for interacting elds one can show that by transforming the normal star-product by a suitable equivalence one can remove some of the divergences occurring in 4 2 theory, which indicates that the processus of renormalization is cohomological in essence (removing an in nite coboundary to get a nite cocycle).
2.6. Pseudodi erential calculus and character of a star-product.
a. Closedness of the star-product arising in pseudodi erential calculus.
Let g 2 A; g = P 1 r=0 r g r (g r 2 N; = 1 2 i h): Let us de ne
From (11) we see that, in the pseudodi erential calculus on IR 2l ; (2 ) l Tr( S (g)) is equal to (g) modulo multiples of h (and h ?1 ).
Therefore enjoys the same properties as a trace with respect to the standard star product, which is thus closed. More precisely, for a pseudodi eren- Since the trace on compact operators is unique, whenever a star product has an associated Weyl map that includes them in the image, the cyclic cocycle ' will necessarily be proportional to an integral one. But we have seen above that the character is not necessarily integral. Therefore on one hand star quantization (with a closed star-product) can be applied in cases where there are obstructions to the traditional (Bohr-Sommerfeld) quantization; and on the other hand it paves the way for a generalized index theory where the index is no more necessarily an integer.
For nite-dimensional manifolds, because the trace formula (9) is exact (not modulo h terms) in the Moyal case, the corresponding "symmetric pseudodi erential calculus" should be of special interest. And in the in nite-dimensional case since orderings "close to normal" permit a cohomological interpretation of cancellation of in nities 8], the corresponding "complex pseudodi erential calculus" appears to be an appropriate framework. 
P(u; v) = P( u; v)
where P denotes the Poisson bracket in G and G G; de ned by :
The in nitesimal version (dual to it in the sense that the enveloping algebra U(g) can be considered as a space of distributions on G with support at the identity) is the notion of Lie bialgebras. It is a Lie algebra g with a "compatible" bracket ' on its dual g (i.e. ' : g ! g g is a 1-cocycle for the adjoint action of g on g g):
A case of special interest (triangular Poisson-Lie group 10]) is when ' is the coboundary of r 2 g^g such that the Poisson-Lie structure on the corresponding group G is the di erence of the left and right invariant skew-symmetric 2-tensors de ned by r : this r is solution of the CYBE (39).
c. Their quantization. It is now natural to try and "quantize" (40 f( tX=i h) = (t) f( (t)X=i h) holds when f is an exponential or a trigonometric function (sine or cosine), where on the left-hand side we mean that we take (Moyal) star powers in the power series expansion of f: Therefore (after a slight rescaling) (43) can be rewritten with (sin ) instead of sin, and the de ning QUEA relations can be expressed entirely in the -product algebra generated by the Lie generators.
b. Generalizations. The same can be done for all higher rank simple algebras, e.g. the A n series 42]. The cubic Serre relations are also expressed in the -product algebra.
One can show 41] that for Moyal product, the only power series for which (44) holds, are sine, cosine and exponential (with exception of these series truncated at order two). Therefore if one requires that the "quantum" commutation relations be a deformation of the "classical" ones, the strong invariance condition (44) alone shows that the algebra found in the litterature is unique (except for the truncated sine f(x) = a 1 x + a 3 x 3 ).
For other star-products than Moyal there are even less functions f satisfying (44). For instance 42] for a family of star-products interpolating between standard and antistandard ordering, the only function is the exponential.
In conclusion, we have seen that the QUEAs can be realized essentially uniquely, as star-product algebras with a quantization parameter h (in the starproduct) di erent from the QUEA parameter. We have in fact a 2-parameter deformation. 3.3. A universal rigid model for quantum groups 43].
a. The model. Let us start with G = SU(2): Denote by ( n ; V n ) its 2n + 1-dimensional representation (2n an integer) by matrices in L(V n ): The direct product A = 1 n=0 L(V n ), endowed with the product topology and algebra law, becomes a Fr echet algebra into which both G and the enveloping algebra U(g) can be imbedded by x 7 ! ( n (x)): These imbeddings are total because A is the bicommutant of the direct sum representation = P n on V = P V n ; and every n extends by continuity to a representation of A:
b. Universality. We have :
PROPOSITION. If t = 2 2 Q; the QUE algebras U t (g) can be imbedded into a dense subalgebra A t of A; n are still a complete set of representations of A t ; and the Hopf structures (coproduct t ; counit t ; and antipode S t ) on U t (g) have unique extensions to topological Hopf structures (with equivalent coproducts) on A; when A A is endowed with the completed projective tensor topology so that A A n;p L(V n V p ):
The classical limit is U 0 (g) U(g) where 2 = 1 (a parity), with coproduct 0 equivalent to t : there exists P(t) 2 A A such that t = P(t) 0 P(t) ?1 : The R-matrix is R(t) = P(?t) P(t) ?1 and can be chosen so that A t is a quasitriangular Hopf algebra (q = e it in the usual notations). where the product is that of functions and the coproduct is de ned by the product in G: Each co-associative coproduct t induces an associative star-product on H such that (a + d) k = (a + d) k ; 8k 2 N; and conversely if this is true for aproduct compatible with the usual coproduct 0 ; this is induced by a coproduct t = P(t) 0 P(t) ?1 on A : we recover Manin's description of functions of noncommutative arguments.
d. Rigidity as bialgebra. Let B be a bialgebra, an associative algebra B with coproduct : B ! B B: We then de ne 18] in a natural way the notion of isomorphism of bialgebras (associative algebra isomorphism with equivalence
